Abstract. Using the description of dominions in the variety of nilpotent groups of class at most two, we give a characterization of which groups are absolutely closed in this variety. We use the general result to derive an easier characterization for some subclasses; e.g. an abelian group G is absolutely closed in N2 if and only if G/pG is cyclic for every prime number p .
Section 1. Preliminaries
Recall that Isbell [2] defines for a variety C of algebras (in the sense of Universal Algebra) of a fixed type Ω, and an algebra A ∈ C and subalgebra B of A, the dominion of B in A to be the intersection of all equalizers containing B .
Explicitly, dom C A (B) = a ∈ A ∀f, g: A → C, if f | B = g| B then f (a) = g(a)
where C ranges over all algebras in C , and f, g are morphisms.
Also, Isbell calls an algebra B ∈ C absolutely closed (in C ) if and only if ∀A ∈ C with B ⊆ A, dom
For example, in the variety of semigroups, every group (when considered as a semigroup using the forgetful functor) is absolutely closed; this follows easily from the Zigzag Lemma [2] . Remark 1.1. Note that the property of being "absolutely closed" depends on the variety of context C ; it is common for an algebra to be absolutely closed when considered a member of C , and not absolutely closed when considered as a member of a different variety C ′ .
In the variety N 2 of nilpotent groups of class at most 2 (i.e. groups G for which [G, G] ⊆ Z(G) ) there are nontrivial dominions [5] . The precise description of dominions in this variety is recalled below. Given that there are nontrivial dominions, an interesting problem is to characterize all groups that are absolutely closed in N 2 .
For the remainder of this paper, every group will be assumed to lie in N 2 unless otherwise specified, and all maps are assumed to be group morphisms, unless otherwise noted. We will write all groups multiplicatively. We will say that a group is absolutely closed to mean it is absolutely closed in N 2 . The identity element of the group G will be denoted e G , omitting the subscript if there is no danger of ambiguity. For a group G and elements x and y in G, the commutator of x and y is [x,y] = x −1 y −1 xy . The commutator subgroup of a group G, denoted by G ′ or [G, G] , is the normal subgroup of G generated by all [x, y] with x, y in G. More generally, given two subsets A and B of G (not necessarily subgroups), [A, B] denotes the subgroup of G generated by all elements [a, b] , where a ∈ A and b ∈ B . The center of G will be denoted by Z(G). Any presentation of a group will be understood to be a presentation in N 2 ; that is, the identities of N 2 will be imposed on the group, as well as all the relations specified in the presentation. We will use Z to denote the infinite cyclic group, which we also write multiplicatively.
In N 2 , since commutators are central, the commutator bracket acts as a bilinear
In particular, for every x, y, z ∈ G, and n ∈ Z ,
Also, given A, B ∈ N 2 , every element of their coproduct A ∐ N2 B has a unique expression in the form αβγ , where α ∈ A, β ∈ B , and γ ∈ Recall that an N 2 -amalgam of two groups A, C ∈ N 2 with core B consists of groups A, B , and C , equipped with one to one group morphisms
To simplify notation, we denote this situation by (A, C; B). To say that the amalgam (A, C; B) is (weakly) embeddable in N 2 means that there exists a group M in N 2 and one-to-one group morphisms
When we examine whether or not the amalgam (A,C;B) is embeddable, the obvious candidate for M is the coproduct with amalgamation of A and C over B ,
C . This coproduct is sometimes called the N 2 -free product with amalgamation. We say that (A,C;B) is weakly embeddable (in N 2 ) if no two distinct elements of A are identified with each other in the coproduct A ∐ N2 B C , and similarly with two distinct elements of C . Note that weak embeddability does not preclude the possibility that an element x of A\B be identified with an element The connection between amalgams and dominions is via special amalgams. Letting A ′ be an isomorphic copy of A, and M = A ∐
N2
B A ′ , we have that
where we have identified B with its common image in A and A ′ .
The above discussion can be done in the much more general context of an arbitrary variety C of algebras of a fixed type. For a more complete discussion of amalgams in general and their connection with dominions, see [1] . Remark 1.3. It is not hard to verify that a group B is a strong amalgamation base if and only if it is both a weak amalgamation base and a special amalgamation base. For a proof we direct the reader to [1] . We also note that for a group H in a variety C , being a special amalgamation base for C is equivalent to being absolutely closed in C . Indeed, the equality given in (1.2) shows that H is absolutely closed in C if and only if for every group G containing H , the special amalgam (G,G;H) is strongly embeddable, which holds if and only if H is a special amalgamation base.
Section 2. Absolutely closed groups
In this section we recall the characterization of weak and strong amalgamation bases in the variety N 2 , due to Saracino. Then we will state the characterization of absolutely closed groups in this variety.
It will be helpful to recall a theorem about adjunction of roots to N 2 -groups: 
Remark 2.5. Note that Theorem 2.4 implies that we can always adjoin n i -th roots to a finite family of commutators (in fact, of central elements). In particular, if g ∈ G ∈ N 2 , and g ∈ G n G ′ , then there is an extension of G which contains an n-th root for g : since g = x n x ′ , adjoin an n-th root for x ′ , and we are done. (ii) G is a strong amalgamation base for N 2 .
, and for all g ∈ G and all n > 0 , either g has an n-th root modulo G ′ , or else g has no n-th root in any overgroup K ∈ N 2 of G.
We pause briefly to give some examples of groups that are strong amalgamation bases in N 2 .
Example 2.7. Both the dihedral group D 8 and the quaternion group of 8 elements Q are strong amalgamation bases. It is clear that they lie in N 2 , and a routine calculation shows that they both satisfy (iii).
Example 2.8. Analogously, any non-abelian group of order p 3 , with p an odd prime, is a strong amalgamation base for N 2 .
Remark 2.9. On the other hand, we remark that a nontrivial abelian group cannot be a strong amalgamation base in N 2 , since it never satisfies G ′ = Z(G).
Next, we recall the description of dominions in N 2 : lie in G, q ≥ 0 , and
Remark 2.11. Lemma 2.10 also follows from B. Maier's work on amalgams of nilpotent groups; we direct the reader to [6] .
We can now prove our main result:
Then G is absolutely closed in N 2 if and only
if for all x, y ∈ G and for all n > 0 , one of the following holds:
Note that since both x and y have n-th roots modulo the commutator in K ,
there is an extension of K which has n-th roots for both x and y (as in Remark 2.5 above). Therefore, (2.13) cannot hold in G. Hence, there exist a, b, c ∈ Z , and
and yk
In particular,
On the other hand,
x, and y all lie in G, it follows that [k 1 , k 2 ] n ∈ G, as claimed.
Therefore, if G satisfies the conditions, then G is absolutely closed.
Conversely, suppose that G does not satisfy the condition given. Let x 1 , x 2 ∈ G, and n > 0 , such that:
, and denote the generators of the two copies of Z by r 1 and r 2 . Every element of Z ∐ N2 Z has a unique expression of the form r
Let N be the minimal normal subgroup of F containing x 1 r −n 1 and x 2 r −n 2 . We will show that N ∩ G = {e} , and that for every g ∈ G, g[r 1 , r 2 ] −n / ∈ N . This will prove that G is not absolutely closed, by looking at F/N , which contains G as a subgroup, and where [r 1 , r 2 ] n lies in the dominion of G but not in G. The proof is patterned after a proof of Saracino (Theorem 2.1 in [7] ).
A general element of N may be written as
where b jk ∈ G, s j is a positive integer, ε jk = ±1 , and z jk = r
. Since F is nilpotent of class two, this does indeed represent a general element of N .
We may rewrite (2.18) as follows:
which, expanding the brackets bilinearly, becomes
where t j = sj k=1 ε jk . Now suppose that this element is equal to an element of the form g[r 1 , r 2 ] qn , for some g ∈ G, q ∈ Z; if we write the general expression in the form αβγ , where α ∈ G, β ∈ Z ∐ N2 Z , and γ ∈ [G, Z ∐ N2 Z], then the β -factor is equal to
z , where z is in the commutator of Z ∐ N2 Z . But on the other hand, by uniqueness t 1 = t 2 = 0 . Again by uniqueness, and using this fact, we have:
Feeding in the value of z jk and rearranging, we have 
Now, suppose that q = 0 ; that is, we are trying to find which elements lie In fact, we need only verify (2.13) and (2.14) for prime powers:
Then G is absolutely closed if and only if
for every x, y ∈ G, and every prime power p a , G satisfies (2.13) or (2.14) with
Proof: Necessity is immediate. To show that it is also sufficient, note that for a given n, if for all x, y ∈ G, G satisfies (2.13) or (2.14), then it follows that whenever K is an overgroup of G, and k
Let K be an overgroup of G, and suppose that for some n > 0 , k
r be a prime factorization of n. Since G satisfies (2.13) or (2.14) for prime powers, it follows that
hard to see that a = n, so [k 1 , k 2 ] n ∈ G, as claimed.
We also note the following result:
Lemma 2.24. Let G ∈ N 2 , and let n > 0 . If x ∈ G n G ′ , then for all y there exist g 1 , g 2 ∈ G and a, b, c ∈ Z such that
In particular, G, n, x, and y satisfy (2.14). Analogously, if y ∈ G n G ′ , then for all x we have that G, n, x, and y satisfy (2.14).
Proof: Suppose that x = r n r ′ , and y ∈ G. Let a = b = c = 0 , g 1 = e , and g 2 = r .
If, on the other hand, y = s n s ′ , and x ∈ G, let a = c = 0 , b = −1 , g 2 = e , and
Corollary 2.25. If G ∈ N 2 is such that for every x ∈ G and every n > 0 , either x has an n-th root in G modulo G ′ , or else x does not have an n-th root in any N 2 -overgroup of G, then G is absolutely closed.
Proof: Given x, y ∈ G, and n > 0 , if either x or y has an n-th root modulo the commutator, then (2.14) is satisfied. Otherwise, no overgroup of G contains an n-th root for either x or y , and hence no overgroup of G contains an n-th root for both x and y , so G satisfies (2.13).
In particular, we deduce that any group that satisfies Saracino's conditions is absolutely closed, which is in keeping with the fact that any strong amalgamation base is necessarily also a special amalgamation base.
Section 3. Consequences and applications
First, we deduce some easy conditions from Theorem 2.12 which are sufficient for a group to be absolutely closed. Proof: If G is divisible, then every element has an n-th root modulo the commutator, so G satisfies (2.14) by Lemma 2.24.
Note that any nontrivial divisible abelian group G is absolutely closed, even though it cannot be a strong amalgamation base, since the commutator subgroup cannot equal the center. Therefore, the class of absolutely closed groups is strictly larger than the class of strong amalgamation bases in N 2 .
Before proceeding, we will prove some reduction theorems regarding absolutely closed groups.
If π is a set of primes, we will say that a group G is π -divisible if every element of G has a p-th root in G, for every prime p ∈ π . We will say that G is π ′ -divisible if every element of G has a q -th root in G, for every prime q / ∈ π .
It is not hard to verify that for a nilpotent group G of class 2, being π -divisible is equivalent to asking that G ab be π -divisible. For the converse, suppose that both A and B are absolutely closed, and let K be an overgroup of A ⊕ B . Let x, y ∈ K , x ′ , y ′ ∈ K ′ , and n > 0 be such that
and
By Corollary 2.23, it suffices to consider the case when n is a prime power, say
has an n-th root in A. That is, there exists r ∈ A such that r n = a −1
Therefore, Next we analyze what (2.13) and (2.14) mean for finitely generated abelian groups.
Theorem 3.32. If G is cyclic, then G is absolutely closed.
Proof: Let G = t , and let x = t r , y = t s be any two elements. Let n = p α be a prime power. We claim that G, x, y , and n satisfy (2.14). To see this, it will suffice to show that we can find a, b , and c ∈ Z such that p α |ar + bs and
If (p, r) = 1 , set b = −1 , c = 0 ; then we want to find an a such that p α |ar − s .
But since r is relatively prime to p, as a ranges over Z , ar ranges over all congruence classes modulo p α , so there is one which is congruent to s.
If (p, s) = 1 , we proceed similarily. Finally, suppose that r = p δ , s = p γ ; we may assume that δ, γ < α .
And if γ ≤ δ < α , then set a = b = 0 , and let c = −p δ−γ + p α−γ .
In fact, if G is a finitely generated abelian group, then being cyclic is also necessary for G to be absolutely closed. To prove this, we start with a series of examples:
then the subgroup of F generated by x 2 and y 2 is abelian, isomorphic to Z ⊕ Z , but [x, y] 2 lies in the dominion of x 2 , y 2 , and not in the subgroup.
Example 3.34. Z/p a1 Z ⊕ Z/p a2 Z with p a prime, and a 1 , a 2 ≥ 1 , is not absolutely closed. This time let F be the N 2 group presented by
Example 3.35. Z ⊕ Z/p a Z is not absolutely closed, where p is a prime and a ≥ 1 . Let F be the N 2 group presented by Proof: Sufficiency is Theorem 3.32. For necessity, let G be a finitely generated abelian group, and write
where each a i is a prime power.
If r > 1 , or r = 1 and s > 0 , then G has a direct summand which is not absolutely closed by the examples above, hence G is not absolutely closed. If s > 1 and there exist i and j such that a i and a j are not relatively prime, then G also has a direct summand which is not absolutely closed. All other cases (namely, r = 1 and s = 0 ; or r = 0 and all a i relatively prime) are cyclic groups.
We can also prove an analogue of a result of Saracino. Recall the following: 
We obtain a similar result here:
Theorem 3.38. Let G be a nilpotent group of class two and exponent n, where n is a product of distinct primes. Then G is absolutely closed if and only if
Proof: By Corollary 3.31, we may assume that G is a p-group, that is, n = p with p a prime. Denote the image of an element x ∈ G in G ab by x.
Since G ab is a Z/pZ vector space, and Z(G)/G ′ is a subspace, there exist elements {z i } i∈I and {b j } j∈J such that each z i lies in Z(G), {z i } is a basis for Z(G)/G ′ , and {z i , b j } is a basis for G ab . Since G is of exponent p, it follows that z i | i ∈ I is a direct summand of G; hence, if |I| > 1 , then G is not absolutely
closed. Thus, we may assume that |I| ≤ 1 , which proves necessity.
To see sufficiency, note that if K is an overgroup of G, and g ∈ G has a p-th
since G is of exponent p.
Also note that G is q divisible for any prime q = p, so it suffices to check p a -th roots. Let K be any overgroup of G, and suppose that r
In particular, g 1 and g 2 must be central in G, hence they lie in
since cyclic groups are absolutely closed. In particular, [r 1 , r 2 ] p a ∈ G, and so G is absolutely closed.
Although we have proven an analogue of the "square-free" case of Theorem 3.37, the "twice a square-free number" version does not hold. A counterexample is:
which is not absolutely closed. Let G be presented by
Clearly, G is of exponent four, and
Let F ∈ N 2 be presented by
Using the ideas above, we can extend Theorem 3.36 to an easy to state characterization for all abelian groups. We start with a technical lemma. Recall that if G is an abelian group, we denote by nG the subgroup of all elements x n with x ∈ G. For an arbitrary group G, nG denotes the subgroup generated by all such elements.
Lemma 3.41. For an abelian group G and a prime number p, the following are equivalent:
Proof: Clearly (iii) implies (ii). Since p a G is a subgroup of pG, it follows that G/pG is a quotient of G/p a G, so (ii) implies (i). Finally, note that for any integer Proof: First, suppose that G/pG is cyclic for each prime p. Let K be any overgroup of G, and let x, y ∈ K be such that for some prime p and integer a > 0 ,
Therefore, there exist g 1 , g 2 ∈ G, and r, s ∈ Z such that x Conversely, suppose that there exists a prime p such that G/pG is not cyclic.
Therefore, G/pG is a direct sum of more than one cyclic group of order p. Let x, y ∈ G be elements which project to generators of distinct cyclic summands of G/pG. We will show that G, x, y , and n = p do not satisfy (2.13) nor (2.14).
Note that neither x nor y have p-th roots in G, and that if a product x a y b has a p-th root in G, then necessarily p|a and p|b .
Since G is abelian, (2.13) cannot be satisfied. Suppose, however, that x, y , and p satisfy (2.14). Therefore, there exist a, b, c ∈ Z , g 1 , g 2 ∈ G such that
In particular, since x a y b and x b+1 y c have p-th roots, p|b and p|b + 1 , which is clearly impossible. Therefore, G, x, y , and n do not satisfy (2.14) either, so G cannot be absolutely closed.
This proves the theorem.
As in the case of Theorem 3.40, when passing to a more general class of groups, we lose one of the implications: Then G is of exponent 3 , and Z(G)/G ′ is generated by z , hence is cyclic. By Theorem 3.38, G is absolutely closed. Since 3G = {e} , 
